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Data were obtained in flat-plate continuous-flow thermogravitational columns to check 
the theory developed by Furry, Jones, and Onsager and a modification of this theory 
proposed by the authors. Separations of ethyl alcohol-water and benzene-n-heptane mixtures 
were measured, flow rate, column length, temperature difference, spacing between plates, 
and inclination of the plates being varied in the experiments. Theory and data are in 
qualitative agreement for the range of variables studied. Quantitative agreement exists 
between theory and experiment in the region of practical design for liquid-thermal-diffusion 

Equations to aid in the design of thermal-diffusion plants are developed, and a plant 
to treat 1,000 bbl./day of a liquid aromatic-aliphatic mixture is designed and costs are 
estimated. 

plants. 

During the past quarter century the 
need for new separation methods, par- 
ticularly for commercial application, has 
given strong impetus to the investigation 
of irreversible processes. For example, 
most of the work on irreversible processes 
involving nonisothermal-solution behav- 
ior has been reported in the past several 
decades, although this effect was first 
noted almost one hundred years ago. 

Nonisothermal solution behavior has 
two manifestations, one the inverse of 
the other. If two gases of different com- 
position and initially at the same tem- 
perature are allowed to diffuse together, 
a transient temperature gradient results 
from the ordinary diffusion process. This 
phenomenon was first noted by Dufour 
(4) in 1873, and bears his name. Con- 
versely, if a temperature gradient is 
applied to a homogeneous solution, a 
concentration gradient is usually estab- 
lished. The name thermal difusion (or 
themodifusion) is generally applied to 
this second effect. 

Obviously only the nonisothermal- 
solution phenomena relating to thermal 
diffusion can be used for the separation 
of solutions, as the Dufour effect is the 
result of a mixing process. Two methods 
of utilizing thermal diffusion for the 
separation of solutions have been pro- 
posed. In the static method the thermal 
gradient is established in such a manner 
that convection is eliminated and there 
is no bulk flow. When applied to liquid 
or solid solutions the static method is 
called the Ludwig-Soret, or the Soret, 
effect. No special name has been given 
to the phenomenon in gases. The extent 
of the separation obtainable by the static 
method is generally very slight. The 
thermogravitational method multiplies 
the separation achieved in the static 
method by utilizing convection currents 

J. E. Powers is at present at The University of 
Oklahoma, Norman, Oklahoma. 

to produce a cascading effect. The appa- 
ratus that is used to produce the cascading 
effect is called a thermograuitalional 
column or, commonly, a Clusius-Dickel 
column (3) .  Thermogravitational columns 
have been used to bring about separations 
in both gas and liquid solutions and have 
been operated in both batch (not to be 
confused with static) and continuous 
manners. The terms continuous and 
batch indicate, respectively, the presence 
or absence of a net bulk flow through 
the thermogravitational column. 

Numerous reviews on thermal diffusion 
are available (1, 5, 10). The diversity of 
nationality represented by these publica- 
tions attests to the widespread attention 
given to the subject. Several of these 
reviews merit particular discussion. 

DeGroot (5) has presented a very 
comprehensive study of thermal diffusion 
in condensed phases (liquids and solids). 
His review of the theories that have been 
applied to the fundamental problem of 
the Soret effect is excellent, although he 
recognizes that these theories have met 
with very limited success, an article by 
Jones and Furry (lo), which contains a 
resume of the theories and experimental 
work published before 1946, is especially 
noteworthy because of its excellent sum- 
mary of column theory. Theoretical 
treatments of hot-wire, concentric-cyl- 
inder, and flat-plate columns are included, 
and the transient and steady state 
behavior of batch columns with and 
without reservoirs are discussed. The 
results obtained from the theoretical 
treatment of a batch column are extended 
to continuous-flow apparatus, and both 
single- and multistage processes are 
considered. The authors point out that 
the equations developed by Furry, Jones, 
and Onsager (7)  for gas separations are 
equally applicable to the treatment of 
liquids. 

Continuous-flow thermogravitational 
columns would most certainly be used 

in any large-scale commercial application 
of thelama1 diffusion. The equations for 
such columns reviewed by Jones and 
Furry incorporate a large number of 
assumptions and yet no critical compari- 
son of theory and experimental data has 
appeared in the literature. It is the 
purpose of this study to compare theory 
with experimental data on continuous- 
flow columns and to improve on the 
theory where possible. 

COLUMN THEORY 

The temperature gradient applied 
between the plates of a thermogravita- 
tional column has two effects: (1) a flux 
of one component of the solution relative 
to the other (or others) is brought about 
by thermal diffusion, and (2) convective 
currents are produced parallel to the 
plates owing to density differences. The 
combined result of these two effects is to 
produce a concentration difference be- 
tween the two ends of the column which 
is generally much greater than that 
obtainable by the static method. Figure 
1 illustrates the flows and fluxes prevailing 
in a continuous-flow column, 

In  an ideal column a temperature 
gradient exists only in the direction 
normal to the plates. The flux of com- 
ponent 1 due to thermal diffusion, 
J,-,,, is given by (10) 

The choice of sign is arbitrary and is 
taken as positive in order to be consistent 
with the notation of Jones and Furry 
(10). Equation (I) was developed to 
represent the behavior of isotopic gas 
mixtures. In this case (Y is essentially 
independent of temperature, pressurc, 
and composition. Although nonisotopic 
liquid solutions may bear little resem- 
blance to isotopic mixtures of gases, 
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Equation (1) can be used to define the 
thermal-diffusion constant a for liquids. aeCe = +Be P C I ~ ( X )  dx  

The concentration gradient produced 
by the combined effects of thermal dC ing relation was obtained: 
diffusion and convection acts to oppose 
thermal diffusion and limits the separa- 
tion. By combining the thermal-diffusion 
flux with simultaneously acting fluxes 
due to ordinary diffusion and convective 

+ w  be independent of x. (For a complete 
listing of the assumptions see reference 
Id.) Based on this assumption the follow- 

- Re i y  p D  -L dx (-1) 

Equation (5 )  expresses a similar condi- 
tion existing in the stripping section: 

dY 

( 7 d  flow the general differential equation + w  H'"' - ff@Tpg __ cos e(2~)"B,(A?')2 - 
applicable to any point in the column -u,C, = +B, p c l ~ ( x )  dx 6!rlT 

- - w  may be formulated: 

Only the steady state solution of this 
equation (aCl/at = 0) is considered in 
this article. 

The net flow due to thermal diffusion 
and ordinary diffusion must be zero a t  
both walls. Therefore a solution to 
Equation (2 )  must be found subject to 
the boundary conditions 

dC aD dT 
ax T dx -D -L + - C,C, - = 0 (3) 

a t  x = =tw 

In  addition to the conditions expressed 
in Equation (3) ,  a solution to Equation 
(2 )  must satisfy material balances made 
around any section of the column. Equa- 
tion (4) represents a material balance 
made around the end of the enriching 
section. 

Stripping 
Section 

Fig. 1. Schematic diagram of a continuous- 
flow thermogravitational column. 
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The velocity distribution ;(x) appear- 
ing in Equations (a), (4), and (5) is 
determined by applying the Navier- 
Stokes relations for laminar flow. For the 
enriching section: 

+ - 3 a  + (w2 - x') (6) 4 B , P W  

In  obtaining a solution to these equa- 
tions for a batch column (a. = us = 0) 
Furry, Jones, and Onsager (7)  assumed 
aC/dy in Equations ( 2 ) ,  (4), and (5) to 

K ,  = 2wDB,p ( 7 4  
The assumption that aC/ay is inde- 

pendent of x is incompatable with the 
boundary conditions, Equation (3) , in 
the case of a continuous-flow column. 
To obtain a solution for this case it was 
neccssary (7)  to set ae = 0 in Equation 
(6) but not in Equation (4). For these 
conditions Jones and Furry (10) list a 
general solution and a number of re- 
stricted solutions. For the conditions of 
this experimental investigation, namely, 

Fig. 2. Thermogravitationd column (4 ft.) at an angle of 45 deg. 
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CICz = E 0.25; i.e., 0.7 > CI > 0.3 
u, = u, = a 

B, = B, 
L,  = L, = L T / 2  

the  solution for a continuous-flow column 
is* 

A C, - C, 

2a 2K'" 
In a n  at tempt  to improve on thc equa- 

tions for the continuous-flow thermograv- 
itational column, it was assumed in the 
course of this work that  aC/ay was not 
independent of 2 but  varied linearly; i.e., 

aC/aY = (1 + -f4+(z/) (9) 
This assumption made i t  possible to  
include the bulk-flow-rate term in Equa- 
tions (4) and (6) and t o  satisfy the 
boundary conditions imposed by Equa- 
tion (3). Completing the derivation yields 
a n  equation similar to  (8): 

( 10) 

where 
w = H'O'h(wy) (1 1) 

*More generally over any interval for which 
CiCz can be assumed ronstant at 66, 

Fig. 3. Thermogravitational column (8 ft.) 
in the vertical position. 

TABLE 1. SEPARATION AND FLOW-RATE hfEASUREMENTS FOR THE SYSTEM Ersur, 
ALCOHOL-WATER 

Qe us U C. ca a A 1' 

Flow rate, 
Experi- g./min. 

Composition, weight 
fraction EtOH C, - C,, 

ment weight 
and Top Bottom (ue + u,)/2, Top Bottom fraction Temp. 

group product product g./min. product product EtOH diff., "C. 

94-Q 10.55 9 . 5  10.025 0.3982, 0.3913 0.0069 35.4 
102-R 9.95 9 . 9  9.9 0.4026 0,3910 0,0116 36.4 
111-5 1.71 1.47 1.59 0.4090 0.3851 0.0239 35.7 
134-W 13.55 14.3 13.9 0.3986 0.3982 0.0004 36.2 
139-X 0.853 0,814 0.834 0.4087 0.3893 0.0194 18.0 

TABLE 2. SEPARATION A N D  FLOW-RATE MEASUREMENTS FOR THE SYSTEM 
n-HEPTANE-BENZENE 

UL u, U c, C.9 a AT 

Flow rate, Composition, mole 
Experi- g./min. fraction nC7 C, - C,, 
ment Mole 
and Top Bottom (u, + ua)/2, Top Bottom fraction Temp. 

group product product g./min. product product nC7 diff., "C. 

177-BA 2.03 1.90 1.96 0.528 0.461 0,067 38.9 
178-BA 1.37 1.04 1.20 0.529 0.456 0.073 38.9 
186BB 1.45 1.90 1.67 0.531 0.482 0.049 42.2 
187-BB 8 . 7  9 .2  8.95 0.522 0.487 0,035 42.2 
193-BC 9 .5  9 . 9  9.7  0.511 0.490 0.021 43.7 
194-BC 1.9 1 . 8  1.85 0.549 0.452 0.097 43.2 

k ( q )  = 1 - 0.3963(i(wy)' 
m + 0.09844(~y)~ 

h=O 

The infinite series in Equations (12) and 
(14) converge in  the interval / w r l  5 111. 

Equations (8) and (10) referred to as 
the uncorrected and the corrected equa- 
tions respectively, are compared with 
experimental data  in  a later section. 
These equations have the simplest form 
of any  of the solutions presented by 
Jones and Furry and are as valid as the  
more general equation in the region for 
which they were developed. 

EXPERIMENTS 

Continuous-flow Thermogravitational Column 

Equipment. The two thermogravitstional 
columns used in the course of this investiga- 

WATER 

Fig. 4. Gravity-flow feed system: (1) feed barrel, (2) out-gasser, (3) feed cooler, (4) feed- 
sample tap, ( 5 )  thermogravitational column, (6) product-sample taps, (7) control valve, 
(8) product coolers, (9) rotameters, (10) control valve, (11) shunted capillary tubes, and 

(12) product barrel. 
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tion were constructed in the form of parallel 
plates (rather than concentric cylinders) in 
order to facilitate changes in the plate 
spacing (20) and to permit operation of 
the column a t  angles other than vertical. 
The working space between the plates 
measured approximately 6 in. by 4 ft.  in 
the smaller column and 6 in. by 8 ft.  in 
the larger. The transfer plates were con- 
structed of l/&in. stainless steel sheet that 
was relatively free of scratches The 
surfaces of these plates were given no 
special finishing treatment, as grinding 
caused excessive warpage of the plates. 
Two thermocouples were located on the 
surface of each transfer plate. The column 
was supported on an iron frame by means 
of support arms, to one of which a pointer 
was attached to indicate the angle of the 
column on a large metal protractor con- 
nected to the frame. Figure 2 is a view of 
the 4-ft. column inclined a t  an angle of 
45 deg. and Figure 3 is a photograph of 
the 8-ft. column. 

The gravity-flow feed system that pro- 
vided steady flows through the columns is 
diagramed in Figure 4. All material other 
than the gasket contacted by the feed was 
either stainless steel, glass, or Teflon. The 
feed supply was kept in a barrel (1) 14 ft. 
above the floor. The liquid level in the 
barrel could be seen in a glass side tube. 
The feed was r:tised to the temperature of 
the heating water in a 1-liter glass cylinder 
(2) just below the feed barrel. The gases 
released by this heating process were 
periodically vented from the cylinder. The 
feed was cooled on passing through a small 
heat exchanger (3), and a sample tap (4) 
was located between the feed cooler and 
the thermogravitational column (5). The 
feed entered the column through holes 
drilled centrally in both transfer plates. 
The top product was removed through the 
hot plate and the bottom product through 
the cold plate. Product sample taps (6) 
were located as close to  the working space 
as possible. 

Temperature-controlled water was cir- 
culated through jacketed sections on either 
side of the transfer plates to control the 
temperature a t  the hot and cold walls. 

Procedure. In experiments with the con- 
tinuous-flow thermogravitational columns, 
the separation was determined as a function 
of flow rate. The plate spacing 20, column 
length LT, angle of plates from the vertical 
8, and temperature difference between the 
plates AT' were treated as parameters. 
Changes in 8 and AT' could be made easily. 
Two separate columns were used to investi- 
gate the effect of column length. The plate 
spacing was varied by using gaskets of 
different thicknesses between the transfer 
plates. After a new gasket had been installed 
the plate spacing had to be determined 
accurately before the more useful experi- 
mental data could be taken. As the plate 
spacing appears in the theory as (2w)3, 
(20)4, and ( 2 ~ ) ' ~  interpretation of the data 
is extremely sensitive to any error in this 
measurement. The method of measuring 
the plate spacing is discussed in detail 
elsewhere ( 1 4 ) .  Table 3 lists typical meas- 
ured values of the column parameters, as 
well as average values of the feed composi- 
tion and column width. 

After necessary plate-spacing determina- 
tions had been made, a series of experiments 
was conducted to determine the separation 

20 

I 5 -  

TABLE 3. MEASURED VALUES OF COLUMN PARAMETERS 

S h i W 8 1  Eq.1 14 
- II,Lwl) Eq'n 21 I '  

Mean 
Plate spacing temp. 

Included from direct diff. 
Group rnns measure 2w, cm. AT,, 

"C. 
Q 94-101 0.1356-0.1344* 35.2 
R 102-110 0.1454-0.1378* 37.0 
S 111-115 0.1344t 35.9 

W 134-138,145 
149-152,164 0.0908t 36.0 

X 139-142 0.0908t 18.1 

BA 177-184 0.0813 41.1 
42.1 BB 186-192 0.10787 

BC 193-200 0.0805t 43.0 

i 
1 

Angle: Total 

vertical height width Feed conc. 
from column Column 

e, O LT, cm. B, cm. C F  

$1.0 115.8 15.32 0.3933-0.3962 
$1.0 237.8 15.30 0.3977 
$1.0 237.8 15.30 0.3982 

$1.0 237.8 15.17 0,3986 
$1.0 115.8 15.17 0.3986 

$1.0 115.8 15.17 0.492 
+1.0 115.8 15.59 0.502 
4-1.0 115.8 15.66 0.500 

*Extremes of measured values. 
?Average value (data self-consistent). 
SPositive angles indicate hot plate on top. 

I-------'-- - 
003 

n 

I 

I 

t I I I I I I 1 I 
4 8 12 16 

U G r n / M # n  

Fig. 5. Separation in a continuous-flow thermogravitational column as a function of flow 
rate. 

h,lwI) Eq'n 20 

0.5 1.0 1.5 2.0 
lvfl 

Fig. 6. h(w7) and hl(wr) as functions of jwyl. 

as a function of the flow rate. The column 
and all lines were purged with the mixture 
to be investigated. The rotameters were 
used to set approximate flow rates through 
the working space, and samples from both 

product streams were analyzed periodically. 
Sufficient time was allowed between sets 
of samples to purge the headers and elimi- 
nate any disturbances introduced by the 
sampling procedure. The separation was 
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E Z U P  It 
cct 

Fig. 8. Separation as a function of flow rate with 
temperature difference as  parameter. 

Fig. 10. Separation as a function of flow rate 
with column length as parameter. 

plotted as a function of the time to deter- 
mine the steady-state separation when the 
relaxation time was large compared with 
the time between samples. Several analyses 
were made with the column operating under 
steady state conditions, and the average of 
these analyses was reported. During the 
time interval between samples taken under 
steady state conditions, rotameter readings 
were taken, and the actual product-flow 
rates were measured by collecting and 
weighing samples. Other readings taken 
a t  this time included the temperatures of 
the water entering and leaving the column, 
manometer readings (water flow rate), 
controller readings, index of refraction of 
the feed, feed-barrel level, and the potentials 
of the four thermocouples located a t  the 
surfaces of the transfer plates. A record of 
these four potentials was made by a Brown 
electronic multipoint recorder. 

All experiments with the ethyl alcohol- 
water system were made a t  a mean tem- 
perature level of 120"F., and those made 
with the n-heptane-benzene mixtures were 
a t  a mean temperature of 108°F. These 
mean temperatures were taken as the 
average of the temperatures indicated on 
the temperature recorder-controllers. Phys- 
ical properties of the materials are given 
in Table 4. Concentrations were determined 

Fig. 9. Separation as a function of flow rate with 
temperature difference as a parameter. 

from refractive-index measurements of the 
solutions based upon calibration data 
obtained on reference solutions of the Typical results are given in Table 1 
materials used in the columns. for the ethyl alcohol-water system and 

RESULTS 

-Uncorrected Eq 'n  0 
H'"-420. id'core ~~h~~ 

' O i  

i 

m Experimental 

Group N 

06 6 

4 

Fig. 

. Experlmentol 

Group L 

1. Separation as a function of flow rate with column inclined at  various angles. 
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Fig. 12. Separation as a function of flow rate for four different plate spacings. 
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in Table 2 for the n-hrptane-benzene 
system. (A complete listing of the data 
is on file.*) Included in the original thesis 
(14) are data on the column heat load 
and approach to steady state in the 
columns. 

INTERPRETATION OF EXPERIMENTAL RESULTS 

The mixtures investigated in  t h e  con- 
tinuous-flow thermogravitational columns 
were all relatively Concentrated binary 
liquid solutions. This type of mixture 
was chosen for several reasons: (a)  there 
are relatively few data on such systems 
reported in the literature; ( b )  the maxi- 
mum separation of auy ideal binary 
mixture should occur when the feed is 
composed of equal amounts of each 
component; and (c) for the conditions 
0.7 > C, 0.3, i.e., for C,C, E %, the 
solution to the transport equation is of 
the simple form given by Equations (8) 
and (10). 

Flow-rate Dependence 

Two of the first questions to  be resolved 
were whether the flow-rate dependence 
predicted by Equations (8) and (10) cor- 
responded to the experimental results and 

*Tabular material has been deposited as docu- 
ment 5209 with the American Documentation 
Institute, Photoduplication Service, Library of 
Congress, Washington 25, D. C. ,  and may be ob- 
tained for 51.35 for photoprints or 35-inni. miero- 
Illrn.. 

over what range the uncorrected equa- 
tions of Jones and Furry (10) were 
applicable. Since the flow-rate dependence 
is here considered to be of prime im- 
portance, values of H(0) and K(O) in 
Equations (8) and (10) were determined 
empirically in such a manner that A 
values calculated from these equations 
agreed with experimental data in the 
region u -+ 0. The following procedure 
was used to obtain empirical values of 
H(O) and K @ ) .  If Equation (10) is ex- 
panded in series, Equation (16) results: 

In the limit u + 0, the intercept A, and 
the initial slope mo are obtained from 
Equation (16) by inspection. 

Equations (17) and (18) can thus be 
solved simultaneously for H ( 0 )  and 
K(0) values that will satisfy the experi- 
mental values of A, and mo. 

Some typical data are presented in 
Figure 5.  The complete solid lines repre- 
sent values of the separation A calculated 
from uncorrected Equation (8) with 
values of H(0) and K(0) determined in the 

manner described in the preceding para- 
graph. The solid lines ending in a dot 
represent separations calculated from the 
corrected Equation (10) by use of these 
same N(O) and K(0) values. For relatively 
low flow rates the corrected and uncor- 
rected equations give almost identical 
results and agree very well with the data. 
At higher flow rates the uncorrected 
equation deviates markedly from the 
data and predicts separations larger than 
those found experimentally. The cor- 
rected equation gives values that compare 
very well with the experimental data. 
However, for values of wy > 1 (dots 
indicate wy = I) the series appearing in 
Equations ( I  2) and (14) diverge and lead 
to the indeterminant expression A = 

.o. 
It is of interest to note that in all cases 

tested the unmodified theorj-, Equation 
(8) ,  is in fair agreement with the data 
up to a flow rate corrrsponding to 
w y  = 1 and in poor agreement for higher 
flow rates. Thus the limit of applicability 
of Equation (8) is given by 

This further suggests that the w y  term 
might be used to correlate correction 
factors similar to Equation (12) and (14) 
outside of the region of convergence of 
these series. 
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The dashed lines drawn as a continua- 
tion of the corrected curves on Figure 5 
represent the use of correction terms 
h,(wy) and kS(wy).  Values of hl(wy) are 
calculated by ignoring all terms but the 
first in the series appearing in Equation 
(12), and kS(wy) values are calculated by 
considering only the first five terms of 
the series in Equation (14). These rela- 
tions are given by Equations (20) and 
(21) and are represented graphically in 
Figures 6 and 7 .  

h,(wy) = 1 - 0.17143(~7)~ (20) 

k5(wy) = 1 - 0.39636(w~)~ 

+ .033567(wy)‘ + 2.2378 

x 10-3(wy)6 + 3.949 

X 10-4(wy)s + 1.0392 

X 10-4(wy)10 + 3.464 

x 10-5(wy)12 (21) 

Values of h(wy) and k(wy)  for loyj _< 1 
are included in Figures 6 and 7 for com- 
parison. 

The term hl(wy) becomes negative a t  
large flow rates, and the separations 
predicted for w y  > 2.43 are opposite in 
sign to A,. The net result of the use of 
kS(wy)  is to limit the separations calcu- 
lated for wy > 2.43 to very small values. 
Negative separation values are shown in 
Figure 5.  In other figures the dotted line 
representing the corrected Equation (10) 
is terminated a t  w y  = 2.43 because 
separations of opposite sign a t  higher 
flow rates have no physical significance. 
In most cases both calculated and meas- 
ured separation values are equal to zero 
within experimental accuracy for wy > 
2.43. The agreement with experimental 
data for 2.43 > w y  > 1.0 that is obtained 
by using these approximations is remark- 
able, as the use of the first several terms 
in these divergent series is entirely 
empirical. 

Equations (17) and (18) were used to 
determine empirical values of H(O) and 
K(0) for most of the groups of experi- 
mental data which mere obtained. The 
variation of the separation A with flow 
rate was properly accounted for by use 
of Equation (10). In  general the corrected 
equation with the terms hl(w.r) and 
k 5 ( w ~ )  was superior t o  the uncorrected 
equation in representing the data. 

The separation-flow-rate data success- 
fully represented by Equation (10) mere 
obtained for a variety of operating con- 
ditions. The throry predicts the effect of 
changes in the operating conditions, and 
the empirical H(0) and K(0) values can 
be used to check these predictions. The 
functional dependence of the term H(0) is 
given by Equation (7a). K ( 0 )  is composed 
of three additive terms: K,(O), represent- 
ing the remixing effects due to the con- 
vective flow; K,, which accounts for 
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@a’ 2 w  EXP 
Grp (e) (w) (cm) 

“l0l 

A BB 1 5 . 5 ~ 1 0 ~ ~  8.16 0.1078 
A B C  9.551 I d 3  1.736 0.0805 
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Fig. 13. Separation as a function of flow rate with plate spacing as parameter. 

vertical diffusion; and K,, a term ap- 
pended to the theory to account for 
parasitic remixing effects. Fortunately, 
for the range of variables investigated in 
connection with this research, both K ,  
and K ,  appear to be negligible when 
compared with K,(O). In this case the 
functional dependence of K(O) is essen- 
tially given by Equation (7c),  i.e., that  
for K,(O). 

Temperature Difference (AT) 
According to Equations (7a) and (7c) ,  

both H(O) and K(0) are proportional 
to (AT)z. Values of ZI(O) and K(O) used in 
Equation (10) mere obtained from rela- 
tions of the form H(O) = a(AT)z and 
K(0) = b(AT)2 where a and b are empirical 
constants determined from the data. 
These relations seem to satisfy the data 
presented in Figures 5 ,  8, and 9 over a 
wide range of A T  and for three different 
values of the plate spacing, 2w. 

In Figures 8 and 9 and subsequent 
figures in which no curve (or curves) 
representing the corrected equation ap- 
pears, the measurement of the plate 
spacing was too inaccurate to permit a 
proper evaluation of the correction. 

Length (LT) 
The theory predicts that H(0) and K(0) 

are independent of the column length. 
From Equation (17) A0 should be pro- 
portional to L,  and, according to Equa- 
tion (I  0), the separation should become 

independent of height at high flow rates. 
These theoretical predictions are defi- 
nitely substantiated by the data presented 
in Figure 10. The difference between the 
values of H(O) and K(O) used to represent 
the two experimental groups and the 
deviation of the theoretical curves a t  
high flow rates is due in part to slight 
differences in the plate spacing and AT. 

Effective Gravitational Field (g COS 0) 

The effective gravitational field was 
changed by tilting the column in the 
manner illustrated in Figure 2. This 
variation is accounted for in the theory 
by the product g cos 0. The results of 
experiments made with the hot plate on 
top (positive angles) are presented in 
Figure 11. The curves drawn on Figure 
11 represent separations calculated using 
values of H(0) and K(0) obtained from 
relations of the form H(O) = a cos 6’ and 
K(0) = b cos2 0 as predicted by theory. 

Plate Spacing (2w) 

According to the theory the separation 
should show a strong dependence on the 
plate spacing with H(0) = a ( 2 ~ ) 3  and 
K(0) = b(2w)7. The magnitude of this 
effect is even more clearly emphasized 
by the fact that mo, the initial slope, is 
inversely proportional to (2w)lI. The 
tremendous effect of the plate spacing is 
illustrated in Figure 12 by retaining the 
same relative scales on the four graphs. 
The curves on Figure 12 represent values 
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calculated from Equation (10) with 
values of H(O) and K(O) determined from 
the foregoing relations. Values of a and b 
were determined from the data taken 
for 2w = 0.0908 cm. (Figure 12b), and 
slight corrections were made for varia- 
tions in AT. The agreement appears to 
be quantitative largely because the 
scales are small. 

Actually some discrepancies exist be- 
tween the theoretical and experimental 
values for data taken a t  the larger plate 
spacings. Figure 13 represents other 
data taken to investigate the effect of 
plate spacing and will serve to illustrate 
the nature of these discrepancies. If the 
constants a and b in the relations H(0) = 
~ ( 2 ~ ) 3  and K(O) = b(2u)’ are evaluated 
from the data taken a t  the smaller plate 
spacing (larger A,) ,  values of H(O) and 
K(0) calculated from these relations fail 
to represent the data taken a t  the larger 
plate spacing (light line). The predicted 
value of A ,  is somewhat smaller than that 
found experimentally, and experimental 
values of the separation a t  high flow 
rates are substantially smaller than the 
calculated values. On the other hand, 
values of N(O) and K(0) obtained empiri- 
cally from each invividual set of data serve 
to represent the data very well (heavy 
lines). 

Jones (9) has reported some qualitative 
conclusions based on an extensive investi- 
gation of the separation of liquids in 
continuous-flow thermogravitational col- 
umns. Although he does not indicate the 
nature of the dependence of the separa- 
tion on the flow rate, his conclusions 
with regard to other variables are in 
general agreement with the theory and 
with the results of this investigation. 

PROCESS DESIGN 

I n  order to obtain quantitative agree- 
ment between the theory and experi- 
mental data i t  was necessary to apply 
empirical correction factors to the terms 
H(O) and K(0). The correlation of these 
correction factors which was developed 
incorporates the data of Drickamer and 
his coworkers on the separation of mix- 
tures of gases as well as mixtures of 
liquids. Details have been presented 
previously (14). From an engineering 
standpoint the most important conclusion 
to be reached from the correlation is that 
no correction or modification of the 
theory as originally proposed by Furry, 
Jones, and Onsager (7) and Jones and 
Furry (10) is necessary when their 
equations are used as the basis for design 
of thermal-diffusion plants for separation 
of liquid mixtures, because optimum 
design relations dictate the use of small 
plate spacings and low flow rates. The 
theory is in quantitative agreement with 
the data for these conditions. 

Krasney-Ergen ( 1 1 )  has developed 
equations for estimating optimum dimen- 
sions in the design of thermal-diffusion 

TABLE 4. VALUES OF PHYSICAL PROPERTIES USED IN THE CALCULATIONS 

Average 
System Fraction temp. 

A B A P,  OK. 

EtOH H20 0.3986* 322.1 
EtOH HzO 0.3913* 322.1 
EtOH HzO 0.3322* 322.1 

n-Heptane Benzene 0.500t 315.4 

-8p/aT Diff. Coefficient 
Density 0 X lo4, coef. of viscosity 
p, g./cc. g . /  D x 105, ll, 

(cc.) (“C.) sq. cm./sec. centipoise 

0.91332 8.11 1 .04t t  1.14** 
0.91502 8.08 1.06t-i 1.12** 
0.92732 7.80 1.262tt 1.09** 
0.7363** 9.44 3.21$$ 0.3517 

processes based on the equations of 
Furry, Jones, and Onsager. Krasney- 
Ergen was interested principally in the 
concentration of relatively rare isotopes 
and treated the case in which the relative 
amount of the substance being concen- 
trated, C1, is very small throughout the 
apparatus (C, << 1 ) .  The equations 
“tested” in the present work, on the 
other hand, were based on the assumption 
that the materials being separated are 
present in almost equal amounts 
(ClC2 M). In the next section the 
method of Krasney-Ergen will be applied 
to develop a design procedure for the 
case ClC2 S K. 

EQUATIONS FOR DETERMINING THE OPTIMUM 
DIMENSIONS OF A THERMALDIFFUSION 
APPARATUS (Cicz N X) 

The optimum dimensions are the 
cheapest. Costs are considered in two 
categories only: (1) fixed charges, mainly 
depreciation of the capital investment, 
and ( 2 )  power costs, which are defined so 
as to include the cost of both fuel and 
cooling water. The notation S is used to 
denote the amount of fixed charges per 
unit area (square centimeters) per unit 
time (day). The amount of heat trans- 
ferred is inversely proportional to the 
plate spacing, and therefore the power 
cost per square centimeter per day is 
designated by pJ2w. The total cost P is 
given by 

From Equation (lo), 

L ,  = 2K U [-In (1 - F)] (23 )  

If the angle of the plates from the 
vertical 6’ is set arbitrarily and the tem- 
perature difference AT and temperature 
level are dictated by the available 
heating and cooling media, for any 
particular system the terms H(0)  and 
K(O) can be considered to be functions of 
the column width B and the plate spacing 
2w. [The terms h(w-y) and k ( q )  are 
ignored in this development.] 

P O )  = u ’ ~ ( 2 4 7  + ~ ~ ( 2 4  (25) 
Equation (26) is obtained by combin- 

ing Equations (22) through (25) : 

2B2 
a = -- + a ’ ~ ~ ( 2 w ) ~  

U 

+ b ’ S ( 2 4  + b’p,]  

In  general, the required separation A 
and the average flow rate n are desig- 
nated. The total cost P is then a function 
of 2w and B only. From Equation (26) i t  
can be shown that the costs are infinite 
in both of the limits B + 00 and 
( 2 u A ) / a B ( 2 ~ ) ~  -+ 1.0. Clearly then a t  
least one minimum must exist between 
the limits defined by 

0>-- 2aA > 1.00 (27)  
u~ ( 2 4  

In  order for the total cost to be minimized 
these conditions must be satisfied: 

By differentiating Equation (26) with 
respect to B and combining with Equa- 
tion (28) ,  one obtains 

2 a A  
(29) 

B* refers to the optimum value of the 
column width for any plate spacing. 

The optimum plate spacing as a func- 
tion of the various parameters is obtained 
by differentiating Equation (26) with 
respect to 2w and combining the resulting 
equation with Equations (28) and (29): 

Equation (30) is identical to the relation 
developed by Krasney-Ergen for the 
case C1 << 1. 
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If I’ is defined by 

Equation (29) can be reduced to  

(32)  
1 

B*/r  - 1 -2  In (1 - r/B*) = 

The solution to  Equation (32) is 

B* = 1 . 3 ~  (33)  
which is considerably more simple than 
the analogous relation developed by 
Krasney-Ergen. 

DESIGN ILLUSTRATION 

Both Krasney-Ergen (11 )  and Jones and 
Furry (10) have included numerical ex- 
amples of the design of processes for 
concentrating dilute mixtures of isotopic 
gases. It is interesting to apply the equations 
developed in the preceding section to the 
design of a single-state apparatus for the 
separation of a concentrated liquid mixture. 

For purposes of illustration a thermal- 
diffusion plant to process 1,000 bbl./day of 
a 50 mole ’% n-heptane-benzene mixture 
will be designed. This particular design 
would have no commercial significance, as 
n-heptane-benzene is easily separated by 
distillation. However, the process is indica- 
tive of separations of aromatics and ali- 
phatics, a difficult separation when applied 
to lubricating oils. 

Equation (10) used in this development 
was restricted to the range 0.7 > C, > 0.3 
and to equal flow rates in each section. On 
the basis of these restrictions the following 
product specifications were arbitrarily de- 
signated: 

top product- 

bottom product- 

500 bbl./day 70 mole % n-heptane 

500 bbl./day 30 mole % n-heptane 

From these specifications it follows that 
A = 0.40. The problem is further defined 
by setting cos 0 = 1.00, AT = 100°C. and 
T = 315°K. 

The power costs p ,  were approximated by 
considering the cost of heating and cooling 
media to be twice the cost of fuel a t  30 
cents/million B.t.u. A value of $7.32 X 
IO-B/(day)(sq. cm./cm.) was obtained for 
P c  . 

The equipment costs were assumed to  be 
independent of 2w and the cost per square 
foot of area of one plate was estimated to  
be $60/sq. ft. This is ten times the value 
obtained from Chilton’s (8) cost curves for 
heat exchange surface and is intended to  
include cost of auxiliary equipment, design, 
etc. On this basis a value of $3.91 X 10-6/ 
(day)(sq. cm.) was obtained for S. 

These cost data and values of the other 
system parameters were used in Equations 
(30), (31), (33), and (23) to obtain the 
dimensions for the “optimum” design listed 
in Table 5. Estimates of the total heat load, 
capital investment, and operating costs are 
included. 

Even though a column 1.43 cm. long and 
82.7 miles wide with a plate spacing of 0.182 
mm. may be optimum, it would hardly 
seem practical. An increase in the plate 
spacing would decrease the column width 
and increase the column length. The cost 
would also be increased by any increase in 
plate spacing. (Actually a decrease in 
fabrication cost with an increase in 2 w  
would probably offset the predicted increase 
in cost.) A plate spacing of 0.793 mm. 
(1/32 in.) was arbitrarily chosen as a 
minimum practical plate spacing, and 
values of B and LT were calculated from 
Equations (33) and (23). The results of 
these calculations are listed under Practical 
Design in Table 5 for comparison with the 
optimum design. The values of the column 
length (17 ft.) for this arbitrary plate 
spacing represent a practical construction, 
and thus no other designs were considered. 

The cost data used in these estimates are 
certainly only approximate, and yet the 
results should indicate the order of magni- 

TABLE 5. SUMMARY OF DESIGN ESTIMATES 

Plant to process 1,000 bbl./day of 50 mole % n-heptane-benzene 

Optimum design Practical design 

2w cm. 
(in.) 
B, cm. 
(ft.1 
(miles) 
L, cm. 
(ft.) 

Total area 
(B X L), sq. cm. 
(sq. ft.) 
Heat load. B.t.u./hr. 
Capital iivestmeht 

Operating costs 
Fuel and cooling water 
Fixed charges 

Total 
Cost per barrel of feed processed 
Cost per gallon of feed processed 

0.0182 0.0793 
(0.0072) (1/32) 

1 .33  X 1.60 x 10+5 
(4 .36 x 10+5) (5.25 x 10+3) 

(82.7) (1.0) 
1.43 514 

(0.0468) (16.9) 

1.90 x 10+7 8.23 x 10+7 
(2.05 x 104) (8.88 X 
5.27 X 5.27 X 

$1,230,000 $5,320,000 

$7,670 $ 7,670 
743 3,230 

$8,413 $10,900 
$8.41 $10.90 
$0.20 $ 0 .26  

tude of the costs. As pointed out previously, 
thermal diffusion is an expensive process; 
however, with motor oil selling for 60 cents 
a quart the process may become economic- 
ally feasible in the near future. 

SUMMARY OF DESIGN PROCEDURES 

Equations 

Although there is some doubt as to the 
usefulness of the equations developed 
above in their application t o  liquids, 
they are summarized here for convenient 
reference. 

Optimum Plate Spacing (2*w) 

(2*w)’ - 5 7 b’ (2*w) - 6 --> b’P = 0 (30) 
a a‘ 8 

b’ 
U Tg COS OAT 

Optimum Column Width (B*) 

Column Length (LT*) 

2K“’ L,* = ~ u [-In (1 - $31 

K‘O’ = 2wDB*p $ ( 2 ~ ) ~  4- 11 (36) II 
Determination of Design Constants 

The equations listed above are most 
useful when applied t o  the separation 
of binary mixtures for which all the 
required data  on the physical properties 
including the ordinary and thermal- 
diffusion coefficient are known. Under 
these conditions the application of the 
equations is straightforward, as was 
shown in the design illustration. 

I n  general, not  many of the required 
physical data are available even for 
binary systems. This is especially true of 
thermal-diffusion data. I n  this more 
general case the terms a, a’, b’, and K(0) 

can be evaluated empirically from data  
taken with either the continuous-flow or 
the batch-type thermogravitational col- 
umn. 

I n  the  treatment of continuous-flow 
thermogravitational-column data, values 
of H(O) and K(O) would be obtained by  
use of Equations (17) and (18) as de- 
scribed. Values of H @ )  and K(O) for batch 
columns are obtained from data on the 
approach to  steady state in  the column 
by applying the transient-state equations 
(10). (See also reference 15.) In either 
case these H ( 0 )  and K(O) values can be 
used t o  determine a, a’, and 6‘ by applying 
Equations (24) and (25). Constants a’ 
and b’ can be determined from Equation 
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(25) by making several determinations at 
two different plate spacings. 

I n  the light of present results it would 
appear tha t  determination of H(O) and 
K(0) values to be used in  any  final design 
should be made in a n  apparatus with 
approximately the same plate spacing 
2w as tha t  to  be used in  the plant. 
Further, when these constants are deter- 
mined empirically, this design procedure 
can be applied also to  the treatment of 
multicomponent mixtures. 
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NOTATION 

a, a’, a“ = general constants 
A = area of the  working space in  a 

thermogravi ta t iona l  column 
(BLT) 

B 
B* 

= column width whcn Be = B. 
= optimum value of the column 

width, obtained from Equation 

Be,  B, = column width in the enriching 

b, b’ = general constants 
C1, C2 = fraction of component 1, 2 in  a 

binary solution 
C., C, = fraction of component 1 in  the 

product stream exiting from 
the enriching section, stripping 
scction 

= fraction of component 1 in the 
feed stream 

(33a) 

scction, stripping section 

CF 

D = ordinary-diffusion coefficient 
e = subscript used to  identify vari- 

nblrs in enriching section 
(Y > 0) 

F = subscript used to  identify feed 

g = acceleration due to  gravity 
I1 = paranictw evaluated by Equa- 

tion (11) 
H(0) = IZ for a column with no net  

flow of material through the 
working spacc [Equation (7a)l 

h(wy) = correction term Equation (12) 
hl(wy) = use of the first term in thc 

series defined by Equation (12) 
J r - T D  = flux of component 1 in  the z 

direction due t o  thermal diffu- 
sion 

J z - o D ,  Ju-oD = flux of component 1 in 
the z, !j direction due to  ordi- 
nary diffusion 

properties 

K = K ,  + Kp 
K ,  = K,(O)k(wy) 
K,(o) = K. for a column with no net  

flow of material through the 
working space 

= parameter defined and evalu- 
a ted by Equation ( 7 4  

= a term appended to  the mathe- 
matical treatment t o  account 
for the effects of parasitic 
remixing 

k(wy) = correction term Equation (14) 
k&y) = use of the first five terms in the 

series defined by Equation (14) 
L., L, = length of the enriching, strip- 

ping section 
L,  = total column length 
mo = (~A/I%T)~=,, 
n = index number used in  Equa- 

tion 14 
p.  = power costs per unit area 

(sq. cm.) per unit time (day) 
for an apparatus with transfer 
plates at  unit distance (cm.) 

q = equilibrium separation factor 
for a thermogravitational col- 
umn, C,(1 - Cs)/C8(l - C,) 

S = amount of fixed charges per 
unit area (sq. cm.) per unit 
time (day). 

= subscript used to  identify vari- 
ables in the stripping section 

Kd 

K p  

S 

(Y < 0) 
T = absolute temperature 
T 

t = time 
~ ( z )  = general velocity distribution 

X = axis normal to  the plates 
y = axis parallel to  the plates in  the 

direction of normal convective 
flow 

= arithmetic average of the hot- 
and cold-plate temperatures 

function 

Greek letters 

a = thermal-diffusion constant 

y 
PT = - d p / d T  

= parameter defined by Equation 
(9) and evaluated by Equation 
(15) 

= difference of concentrations a t  
the ends of a thermogravita- 
tional column at steady state 

= difference of concentrations a t  
the ends of a thermogravita- 
tional column at steady statc 
with no net flow of material 
through the working space 

= difference in temperature of the 
hot and cold plate 

A 

A, 

A T  

71 = coefficient of viscosity 
0 = angle of the plates of a thermo- 

gravitational column from tlic 
vertical 

X = index number used in Equa- 
tions (12) and (14) 

n- = total cost of operating a ther- 
mal-diffusion plant per unit 
time (day) 

P = density 
l7 = be + uJ /2  

A.1.Ch.E. Journal 

us, u. = mass flow rate out  the enrich- 
ing, stripping section 

uF = mass flow rate of the feed 
stream 

( u ) ~  = mass flow rate beyond which 
Equation (8) does not represent 
the data  

= relation defined by Equation (9) 
= one half of the distance between 

the plates of a thermogravita- 
tional column 

2*w = optimum value of the plate 
spacing obtained from Equa- 
tion (30) 

+(y) 
W 
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